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Summary 

Estimates of the Earth’s radius in the geological past can be made 
from paleomagnetic evidence. A method appropriate to the spherical 
environment of the data for dealing with this problem is given, which 
is applied to Devonian, Permian and Triassic data from Europe and 
Siberia, yielding estimated radii for these periods of 1.12, 0.94 and 0.99 
times the present radius respectively. These estimates are not considered 
to be significantly different from the present radius. 

I. Introduction 
Egyed (1960) has suggested that paleomagnetic data could be used to find 

probable ancient radii for the Earth; the idea is that the mean direction of magne- 
tization of rocks of the same geological age from widely separated collecting sites 
should be consistent with a geocentric dipole field. The problem is of interest 
since it has been suggested on geological and cosmological grounds that the 
Earth’s radius has changed greatly in the geological past. For example, Egyed 
(1956, 1957) requires a change of z per cent since the Paleozoic, and Carey (1958) 
a change of 45 per cent in the same time. Cox and Doell (1961) have applied 
Egyed’s method of calculation to Permian data from Europe and Siberia and gave 
an estimated Permian radius of 0.991 times the present radius. In this article a 
generalization of Egyed’s method of calculation is given, which is applied to 
Devonian and Triassic data as well as Permian data from this region into which 
some recent values not available to Cox and Doell have been incorporated, yielding 
estimates of the ancient radii for these three geological periods not significantly 
different from the present radius. Triassic and Carboniferous data from the 
North American continent have also been studied, but as yet there are not enough 
data from this continent to yield a meaningful result. The method given here, 
like that of Egyed, is based on the assumptions that during any change in the 
Earth’s radius, the size of each continent remains constant, and that during the 
particular geological age being studied, the position of the pole has not changed 
markedly, together with the usual assumptions involved in paleomagnetic studies; 
that the Earth’s field at the time in question may be represented by a geocentric 
dipole, and that it is possible b y  a study of rocks from a given rock unit to determine 
the approximate direction of the Earth’s field at that place at a known time. 

The set of relevant observations from a rock unit consists of four quantities, 
which are average values for the rock unit as a whole: the mean longitude +$ and 
latitude A$ of the rock unit, and the declination Di and inclination It of the estimated 
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mean direction of the ancient Earth’s magnetic field relative to the unit; these 
will be referred to collectively as a rock-datum. Directions used are those which 
point to the pole in the region of what is nowadays the North Pacific Ocean. 
This corrects for the effect of reversals, which are irrelevant in this context. Each 
rock-datum may be represented by a paleomagnetic pole position, which defines 
the direction of that geocentric dipole which would produce an Earth’s field 
consistent with the rock-datum. For the purposes of calculation, the Earth is 
considered to be a sphere of present radius unity. 

2. Method 
Egyed (1960, 1961), in fact, suggests two means of calculating a probable 

ancient Earth’s radius from a pair of rock-data; both consist of finding the ancient 
Earth’s radius on the assumption of which the paleomagnetic pole positions from 
the two rock-data are most nearly coincident. Egyed’s first method is restricted 
in application to data from rock units which lie approximately in the same paleo- 
meridean, in which case it is always possible to make the two paleomagnetic pole 
positions exactly coincident by a suitable choice of ancient Earth’s radius; his 
second method is generalized to allow data from rock units not lying on the same 
paleomeridian, in which case it is usually not possible to make the two paleo- 
magnetic pole positions coincident, and an “averaging” procedure is used to reduce 
the inconsistency between the rock-data. Both these methods necessitate treating 
the rock-data pairwise, and weighting the pairs in some manner according to the 
present distance apart of the rock units, since in the case in which the pair of rock 
units are close together, small inaccuracies in the estimated ancient direction of 
the Earth’s field produce wild fluctuations in the estimated ancient radius. Cox 
and Doell (1961) used the first method, since the data involved did lie approximately 
on the same paleomeridian, using a weighting procedure consisting simply of 
rejecting pairs in which the present distance between the two rock units was small; 
in this way they produced estimated ancient Earth’s radii from each of 80 pairs 
chosen from 21 rock-data, and produced a best estimate on the assumption of a 
normal distribution of the estimated radii. 

Here Egyed’s methods of calculation are generalized from pairs to sets of 
rock-data, using the criterion that the most probable ancient Earth’s radius is 
that radius on the assumption of which the set of paleomagnetic pole positions 
has minimum dispersion. This analysis has the advantages, firstly that all the 
rock-data can be treated together, reducing the amount of calculation necessary, 
secondly that the statistics used, described below, are tailor-made to the spherical 
environment of the data, a fact which is reflected in the greater degree of confidence 
in the results (see discussion of errors), and thirdly that no previous weighting of 
the rock-data is necessary, since this is automatically done by the statistics used. 
Analysis of dispersion on a sphere is performed by Fisher’s (1953) method: the 
points are assumed to be distributed about the true mean with a probability density 
4 cosech K exp(rc cos 0) where 0 is the angular distance between the point and the 
true mean and K is a precision parameter. Given a sample of N points, represented 
in spherical polar coordinates by (di ,  &),  (i = I, 2, . . . , N ) ,  we may find the 
sample mean (40, OO),  a best estimate of the true mean, as follows: produce the 
unit position vectors ui = ( I t ,  mi, nd) of each point of the sample given by 

12 = sin 02 cos q3i, mi = sin 06 sin q3$, ni = cos 01 ; 
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then the resultant vector 
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R = C U ~  
f 

passes through the sample mean, so that 

and 

C O S ~ ~  = 2 nz/R 
f 

where R is the length of R. Also k, the best estimate of K ,  is given by 

k = ( N -  I ) / (N-  R),  

so that k or R may be used as a measure of the precision of the sample. 
Thus for a chosen hypothetical Earth's radius p, we may calculate the set of 

paleomagnetic pole positions from the rock-data, and then calculate the precision 
K of this set; hence K appears as a function of p, and the most probable ancient 
Earth's radius P is that p for which k is maximum. P is then, in fact, the ancient 
Earth's radius of maximum likelihood on the assumption of a Fisher distribution 
of paleomagnetic pole positions. This method does not allow of a simple explicit 
solution for P in terms of the rock-data, and calculations are best done by a trial- 
and-error method. The calculations would be fairly laborious if done by hand, 
but the use of the I.B.M. 1620 electronic digital computer installed at the Australian 
National University has made the task quite easy; spot checks have nevertheless 
been made by hand. Owing to the rather complicated nature of the calculations 
involved and since it is felt that in future further data will become available to 
which it will be of interest to apply this analysis, the calculations are set out in 
detail. 

(i) Initiul Calculations. The site data are a set (+i, At, Dt, I t ) ,  (i = I, 2, . . . , N ) .  
A central point in the continent of longitude 90 and north polar distance 00 is 
defined, by taking the Fisher mean of the rock unit positions, as described above. 
Now each rock-datum is replaced by a corresponding set of figures referred to 
spherical polar coordinates with pole at ($0, 00). First $Z and A i  are replaced by 
$i' and &', the longitude and north polar distance in the new frame: 

cos 0t' = sin 00 cos A( COS($Z - $0) + cos 00 sin X i  
(0 G eii < 180") 

cos At sin($i - $0)  

cos 00 cos A$ cos($( - &) - sin 00 sin At 
tan $t' = 

(0 < $f' G 18oO if denominator 2 o 
180' < $f' < 360" if denominator < 0). 

Next Di is replaced by Df', the declination measured from the new pole: 

sin 00 sin($i - $0) 

sin 00 COS($Z - $0) sin At - cos 80 cos At 
tan(Dc' - D f )  = 

(0 < Di'-Di < 180' if denominator 2 o 
180O < Di'-Di < 360" if denominator < 0). 
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Finally Ii is replaced by #i, the angular distance between the rock unit and the 
paleomagnetic pole position: 

tan& = 2 cot It 
(0 < $6 < 180”) 

(ii) Calculations repeated for each value of p. The direction cosines of the 
paleomagnetic pole positions, referred to the new frame, are 

12 = sin(&’/p) cos t,bi - cos Di’ cos(&‘/p) sin #t 

mi = sinDi’ sint,hi 
ni = cos(e,’/p) cos t,bt + cos Di‘ sin(et’/p) sint,br. 

90 w 

90 E 
FIG. I .-Paleomagnetic pole positions for three periods calculated from 
observations in Europe and Siberia. The groups are numbered as given 
in Table I .  The poles are marked as dots, and the rock unit positions as 
crosses. In the calculations to yield the poles from rock-data, the present 

Earth’s radius has been used ( p  = I). 
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The precision k is then calculated as described above. For purposes of illustration, 
in applying these calculations to each of the three sets of data from Europe and 
Siberia, k was calculated for 41 values of p, extending at intervals of 0.01 from 
0.80 to I -20. The resulting graphs are given in Figure 2. It can be seen from these 
calculations that changing the hypothetical Earth’s radius p takes the mathematical 
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FIG. 2.-Pole precision (k) as a function of the hypothetical Earth’s radius 
( p ) ,  where p = I for the present radius. The arrows indicate the point on 

each graph at which k is maximum. 

form of moving the position of each rock unit, as described in spherical polar 
coordinates, along a great circle through the centre of the continent; the paleo- 
magnetic pole position from that rock-datum will then move along a coaxial small 
circle. It is in order to simplify the repetitive part of the calculations that the new 
coordinate system is chosen. 

In cases in which the data being used for a given period may be partitioned 
into a small number of groups of rock-data, each group consisting of data from 
rock units situated close together, it is possible to reject analytical consideration 
of the internal consistency of the groups by producing, for each trial value of p, 
a mean paleomagnetic pole position from each group, and calculating the precision 
k of these means. However, if this modification is not used, the method auto- 
matically weights rock-data according to the distance apart of the rock units, and 
consequently this modification is not desirable. Values of the most probable 
Earth’s radius calculated using this modification are also given below. 
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Table I 
Rock-data 

The numbers in the first column in each case give the 
grouping of data used in applying the modified method 
and Egyed's second method. The second column gives 
references, all of these being to Irving's (1960-1962) pole 
lists, except where otherwise stated. The remaining four 
columns give the rock-data in the form described in the text. 

4 

Devonian (Europe and Siberia) 

Group Ref. 

1.114 
Stubbs (1961) 

I 4 '30 
4'31 

4 2 6  
2 4'27 

4.28 

5.61 
5 *62 

3 5 '63 
5 454 
5 455 

5 437 
5.68 
5 '69 
5 '70 
5'71 
5 '72 
5 '73 
5 '74 
5 '75 
5 7 6  
5 '77 

I 

2 

3 

Permian (Europe and Siberia) 

Group Ref. 4 g  x i  
I %I 7 E, 43'5 N 
I '82 6 E, 48 N 
I -84 4 E, 49'5 N 

4.15 -18 7.5 E, 48.5 N 
2.37 +5.36 8 E, 5 0  N 

5 '37 10 E, 60 N 
1 '73 4 W, 51 N 
2.36 2 W, 55 N 

1'74 +75 4.5 W, 55 N 
I -76 4.5 W, 55 N 

5 3 8  -40 * 5 0  E, 57 N 
5.41 -43 50 E, 57 N 
2'34 +5'44 55 E, 57 N 
5'45 +2'35 55.5 E, 57 N 

3 '55 102 E, 72 N 

Di Xi 

16, +4 
46, -54 
35, +5 
8, -22 

39, +23 
34, + I 0  
41, +16 

21, +22 

30, +I3  
32, +22 
32, +16 
29, +IZ 

102, +53' 

103, +61 
979 +53 

104, +65 
98, +59 

105, +56 
89, +55 

88, +53 
86, +66 

113, + 5 1  

86, + 5 0  

Dr Ir 

24, +I7 
13, + 7 

I, + 9 
357, - 1 

15, + I O  

24, +36 
9, + 9 
8, + 5 
39 + 5 

10, - 2 

43, +47 
43, +39 
47, +43 
44, +39 
115, +68 
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Triassic (Europe and Siberia) 

Group Ref. 

1.63 +4.7 
4.8-12 

I I .64 
Creer (1959) 

I '6.5 

4 

2.32 
5 '23 
5 '24 
5 '25 
5.26 

3'31 
3 '32 
5.28  
5 '29 

5'33 
5 '30 
5'31 
5 '32 

7 E, 
8 E. 
2w; 
3 w, 
5 w, 

5 0  E, 
38 E, 
47 E, 
5 2  E, 
52 E, 

88 E, 
89 E, 
92 E, 

114 E, 

108 E, 
IOI E, 
IOI E, 
I O I  E, 

hi Di Ii 

Triassic (North America) 

Group Ref. +I hi Di It 

3 '4534 107'5w9 43 N 334, + I 7  

I .69 113 w, 37 N 338, + I 6  
I 3-37-44 IIO W, 38 N 338, +19 

1*16+5.34 71 w, 40'5 N 359, +25 
2 I .67 73 w, 42 N 12, + I 4  

I .68+ 5 '35 72.5 W, 42 N 10, +16 

Carboniferous (North American) 

Group Ref. +I hi Di Ii 

I I'I5+2'59 112*5w, 35 N 317, - 6 

2 I .107+ 106 99 w, 31 N 322s - 5 
3 1.109 59 w, 48 N 346, - 8 

I -108 66 W, 48 N 344, -20 
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Table 2 

One set of rock-data with introduced errors ( f rom the 50 such sets used in the 
Mon te-Carlo analysis of errors.) 

Group 4 At Dt It 

7 E, 43.5 N 21, +26 
6 E, 48 N 10, +13 
4 E, 49.5 N 16, +IS 
7‘5 E, 48.5 N 15, -15 

I 8 E, 50 N 16, +12 

4 W, 5 1  N 15, + I 

2 w, 55 N 4, + 8 
45 W, 5s N 15, +12 

4’5 w, 55  N 9, -14 

50 E, 57 N 56, +61 
2 5 0  E, 57 N 39’ +45 

55 E, 57 N 419 +52 
55’5 E, 57 N 67’ +38 

10 E, 60 N 14, +40 

3 102 E, 72 N 79, +54 

3. Results 
The rock-data used are given in Table I and plotted in Figure I. Graphs of 

k as a function of p for the European and Siberian data are plotted in Figure 2. 
Values for the most probable ancient Earth’s radius produced from European and 
Siberian data are: Devonian, 1-12; Permian, 0-94; Triassic, 0.99. The values of 
h calculated for both Triassic and Carboniferous North American data increase 
monotonically as p+m, and so no meaningful value of P results. Using the 
modification described above, grouping the data as shown in Table I, values for 
European and Siberian data are : Devonian, I .06; Permian, 0.91 ; Triassic, I -01. 
Again the North American data yields no meaningful result. 

An attempt has been made to estimate the order of error incurred by producing 
50 duplicates of the Permian data, in which errors have been introduced into the 
direction of magnetization by Monte-Carlo methods, using a Fisher distribution 
of errors with K = 50 (chosen as a typical value of the precision of the means, 
Di,I i )  throughout and repeating the entire calculation for each. One of these 
sets’of data is given in Table 2. The resulting 50 estimates P‘ of P have a mean of 
0.94 and a standard deviation of 0.19. If this analysis is reasonable, we may 
infer that only changes in radius greater than roughly 20 per cent since the Permian 
will be detectable by this data. These same 50 sets of Permian data were also 
analysed using Egyed’s second method, weighting being achieved by grouping 
the rock-data as shown in Table I ,  and rejecting all pairs of rock-data from the 
same group. The 50 estimates of the ancient Earth’s radius resulting from this 
method had a mean of 0.84 and a standard deviation of 0.37. The large standard 
deviation is due to the wide range in estimated radii, which range from -0.2 to 
+3-0, which is absurd. Whife bearing in mind the limitations of Monte-Carlo 
techniques, these results seem to indicate that the calculations described here are 
likely to yield estimates closer to the true ancient radius than those described by 
Egyed. 
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On detecting changes in the Earth’s radius 225 
Considering the distribution of P‘ and the fact that this is not a check on system- 

atic errors of any sort, the results cannot be considered to indicate any variation 
of the Earth’s radius in the Devonian, Permian or Triassic periods from the 
present radius. Of course it must be borne in mind that the validity of the assump- 
tions, particularly that the size of the continent, and the relative positions of the 
rock units, have not changed since the periods in question are open to doubt. 
On the other hand, if, as Carey has suggested, an increase in the Earth’s radius of 
the order of 45 per cent has occurred in this time, then the occurrence of a system- 
atic error which would exactly annul this increase as far as paleomagnetic evidence 
is concerned would be unlikely. The accuracy of these estimates is not good 
enough to provide any evidence for or against variations of the Earth’s radius of 
the order which Egyed has suggested. I t  should be emphasised that these results 
refer only to one land mass, and are based on reliability criteria current in paleo- 
magnetic work. A general analysis of data from other land masses and other periods 
is desirable, but must wait until enough data, taken from rock units scattered 
widely enough, are forthcoming for these areas. 
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