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ABSTRACT. In this tutorial we summarize the physics and mathematics behind refractive electromagnetic wave
bending and delay. Refractive bending and delay through the Earth’s atmosphere at both radio/millimetric and
optical/IR wavelengths are discussed, but with most emphasis on the former, and with Atacama Large Millimeter
Array (ALMA) applications in mind. As modern astronomical measurements often require subarcsecond position
accuracy, care is required when selecting refractive bending and delay algorithms. For the spherically-uniform
model atmospheres generally used for all refractive bending and delay algorithms, positional accuracies ≲1″
are achievable when observing at zenith angles ≲75°. A number of computationally economical approximate meth-
ods for atmospheric refractive bending and delay calculation are presented, appropriate for astronomical observa-
tions under these conditions. For observations under more realistic atmospheric conditions, for zenith angles ≲75°,
or when higher positional accuracy is required, more rigorous refractive bending and delay algorithms must be
employed. For accurate calculation of the refractive bending, we recommend the Auer and Standish method, using
numerical integration to ray-trace through a two-layer model atmosphere, with an atmospheric model determination
of the atmospheric refractivity. For the delay calculation we recommend numerical integration through a model
atmosphere.

1. INTRODUCTION

The path through the Earth’s atmosphere of an electromag-
netic wave emitted by an astronomical source deviates from a
straight line connecting source and observer. This deviation is
due to changes in the real portion of the refractive index of the
Earth’s atmosphere, defined as the ratio of the speed of light in a
vacuum and the phase velocity in the medium through which the
electromagnetic wave propagates:

n≡ c

vphase
: (1)

These changes in the refractive index of the atmosphere,
combined with Fermat’s principle, which states that an electro-
magnetic signal will follow the path between source and ob-
server which takes the least amount of time, results in a path
which is “curved.” An observer on the surface of the Earth
measures the effect of this curved path of the electromagnetic
signal from the astronomical source as a deflection of the ap-
parent position of the source and a delay in the arrival time of
the electromagnetic signal. These two effects are generally re-
ferred to as atmospheric refractive electromagnetic wave bend-
ing and delay, respectively. Both of these effects lead to errors in
astronomical position measurement. Atmospheric refractive

bending leads to astronomical position errors measured by sin-
gle telescopes, while atmospheric refractive delay leads to po-
sition errors measured by interferometers.

For refractive signal bending an observer measures a differ-
ence between the unrefracted (or topocentric) zenith distance1 of
an astronomical source (z) and the observed zenith distance (z0)
of that source:

R≡ z� z0: (2)

To relate this refractive signal bending to the refractive index n,
we introduce the “refractivity” at the observer (N0), which is
related to refractive index (n0):

n0 � 1 ¼ 10�6N0; (3)

where N0, measured in parts per million, is a function of the
atmospheric pressure (P 0), temperature (T 0), and relative hu-
midity (RH0) at the observer.

The refractive delay experienced by an incoming electro-
magnetic wave due to its propagation through the Earth’s
atmosphere is given by:

1Astronomers use altitude, elevation (E), and zenith angle/distance (z) inter-
changeably. With but one exception, we have standardized the analyses pre-
sented in this tutorial by using zenith angle.
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Latm ≡
Z
s
ðn� 1Þds (4)

where s is the path through and n is the refractive index of the
atmosphere.

The goal of this tutorial is to provide a summary of the stan-
dard models used to calculate atmospheric electromagnetic sig-
nal bending and delay. With this summary we also discuss the
limitations of these models and their relationship to example
astronomical measurements. All of the refractive models we ad-
dress are limited by the simplifications imposed by the param-
eterization of the Earth’s atmosphere (§ 3.1). For example, all of
the atmospheric models we incorporate in our refractive signal
analysis assume a static, homogeneous, two-layer (troposphere
and stratosphere) atmosphere. We do not address, for example,
effects due to time-variable atmospheric inhomogeneities (i.e.,
scintillation).

In this tutorial, we begin by describing the physics of refrac-
tive bending (§ 2), which includes a discussion of the plane-
parallel (§ 2.1) and radially-symmetric (§ 2.2) approximations
to the calculation of refractive bending. We then review the gen-
eral formalism used to describe refractive electromagnetic wave
bending through the Earth’s atmosphere (§ 3), and describe a
standard procedure used for calculating the refractive bending
due to the Earth’s atmosphere. This discussion necessarily in-
volves a model of the Earth’s atmosphere (§ 3.1). Our discussion
of atmospheric refractive signal bending ends with a discussion of
commonly used approximations to the refractive bending (§ 3.2).

Our discussion of refractive delay (§ 4) describes the general
formalism and common usage of “delay models.” This discus-
sion of refractive delay includes an analysis of two additional
corrections to the refractive delay at an antenna which is rele-
vant to interferometric array observations: differential atmo-
spheric curvature (§ 4.1.1) and antenna height correction
(§ 4.1.2). § 5 provides some background information on some
of the generator function references presented, while § 6
presents our conclusions. Throughout this tutorial application
of the formalisms presented is made for the case of the propa-
gation of radio through submillimeter wavelength electromag-
netic radiation. We use the Atacama Large Millimeter Array
(ALMA) as a source for many of these illustrative examples.

At a fundamental level, the accuracy of the techniques pre-
sented in this tutorial are limited by the simplifications war-
ranted by the need to model global atmospheric properties
using local measurements. These simplifications include hydro-
static equilibrium for the dry component and uniform mixing of
the wet component (mainly the troposphere) of the Earth’s at-
mosphere. Another major source of uncertainty is our limited
understanding of the dispersive and nondispersive refractive
properties of the water molecule. We make no attempt to quan-
tify these uncertainties rigorously, but do provide observational
limits to the measured position of an astronomical source im-
posed by the simplified algorithms presented.

2. THE PHYSICS OF REFRACTIVE BENDING

As was noted in § 1, the path of an electromagnetic wave
through a refractive medium, such as the Earth’s atmosphere,
is governed by Fermat’s principle. Figure 1 displays the exam-
ple of an electromagnetic signal propagating from one medium
(i.e., vacuum) with index of refraction n1 to another medium
(i.e., the top of the Earth’s atmosphere) with index of refraction
n2. Using the dimensions illustrated in Figure 1:

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ y21

p
v1

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 þ y22

p
v2

; (5)

where v1 and v2 are the phase velocities of the electromagnetic
signal within each medium. Using the fact that the total vertical
distance that the electromagnetic signal will travel is given by
d ¼ y1 þ y2, we can substitute for y2 in equation (5) and differ-
entiate with respect to y1 in order to find the minimum time
needed for the electromagnetic signal to travel from point A
to point B:

dt

dy1
¼ y1

v1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ y21

p � ðd� y1Þ
v2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 þ ðd� y1Þ2

p : (6)

Setting equation (6) equal to zero and noting that sin θ1 ¼
y1=ðx2

1 þ y21Þ1=2, sin θ2 ¼ y2=ðx22 þ y22Þ1=2, and n ¼ c=v, we
find that:

n1 sin θ1 ¼ n2 sin θ2; (7)

which is Snell’s Law.
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FIG. 1.—Diagram showing the propagation of an electromagnetic signal from
one medium to another.
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If we now assume that the refractive medium is composed of
stratified layers which are radially-symmetric about a common
center, we can derive an equation which relates the total amount
of electromagnetic signal refraction to the local atmospheric
conditions at the point of observation. Before deriving the
exact form for the refraction it is instructive first to derive
the approximate form for the refraction assuming a plane-
parallel atmosphere.

2.1. Plane-Parallel Atmosphere

In the following we derive the approximate form for electro-
magnetic signal refraction when the medium through which the
signal is propagating is assumed to be plane-parallel. This deri-
vation follows closely and attempts to summarize that presented
in three of the standard references for this work: Smart (1962),
Bean & Dutton (1966), and Green (1985). A visualization of a
stratified plane-parallel atmosphere is shown in Figure 2. Con-
sider an atmosphere with N horizontally-stratified layers with
refractive indices nN , nN�1;…; n1, n0. An electromagnetic
signal entering the atmosphere at zenith angle z will be succes-
sively refracted through each layer, with the angle of refraction
governed by Snell’s Law (eq. [7]):

ni sin zi ¼ ni�1 sin zi�1: (8)

This successive application of Snell’s law results in the fol-
lowing relationship between the physical conditions at the top of
the refractive medium and those at the point of observation:

n0 sin z0 ¼ nN sin zN

¼ sin z; (9)

where we have used the fact that the refractive index of free-
space nN is 1 and zN is the unrefracted (or topocentric) zenith
distance z. Defining the angle of refractionR≡ z� z0, and not-
ing that R ≪ 1, we can write equation (9) as follows:

n0 sin z0 ¼ sinðRþ z0Þ
¼ sinR cos z0 þ cosR sin z0

≃ R cos z0 þ sin z0

R≃ ðn0 � 1Þ tan z0ðradiansÞ; (10)

which is the equation for the total refraction in the limit of a
stratified plane-parallel atmosphere. With the refractivity at
the observer defined by equation (3), the refraction at the ob-
server, R0, is given by:

R0 ¼ 0:206265N0ðppmÞ tan zoðarcsecÞ: (11)

Inserting the standard dry atmosphere value for N0 ≃ 280 ppm
yields:

R0 ≃ 57:75 tan z0ðarcsecÞ: (12)

2.2. Radially Symmetric Atmosphere

In the following we extend the formalism used to derive the
refractive angle induced by a plane-parallel refractive medium
to the general case of a radially-stratified atmosphere (Fig. 3).
As with our derivation of the refraction due to a plane-parallel
medium, the following derivation follows closely and attempts
to summarize that presented in three of the standard references
for this work: Smart (1962), Bean & Dutton (1966), and Green
(1985). We start with Snell’s law applied to the first layer of
the atmosphere:

nN sinϕN ¼ nN�1 sinψ; (13)

and noting that, for the triangle CQP, with line segments CP ≡
rN and CQ≡ rN�1:

rN�1 sinϕN�1 ¼ rN sinψ: (14)

Eliminating ψ from equations (13) and (14):

nNrN sinϕN ¼ nN�1rN�1 sinϕN�1: (15)

Applying equation (15) to the last layer of the atmosphere above
the observer:

nr sinϕ ¼ n0r0 sin z0: (16)
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FIG. 2.—Diagram showing the propagation of an electromagnetic signal
through a vertically-stratified atmosphere.
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Noting that the unrefracted (topocentric) zenith angle z is
given by:

z ¼ ϕN þ θ; (17)

and that the angle ϕN is equal to the angle between r and the
tangent to the angle θ:

tanϕN ¼ rN
dθ
dr

; (18)

Since it is the variation of z with height above the observer that
produces the total refraction at the observer, we need to take
the differential of equation (17) and use equation (18):

dz ¼ dϕN þ dθ

¼ dϕN þ dr

rN
tanϕN (19)

and equation (16):

n0r0 sin z0 ¼ ðnþ dnÞðrþ drÞðsinϕþ dðsinϕÞÞ
¼ rn sinϕþ rdn sinϕþ ndr sinϕ

þ rn cosϕdϕ

rn cosϕ
�
dϕþ dr

r
tanϕ

�
¼ �rdn sinϕ; (20)

where we have kept only first-order terms in the differentials.
Combining equations (19) and (20):

dz ¼ � dn

n
tanϕ; (21)

after which we can integrate over all layers in the spherically-
symmetric atmosphere, which results in the astronomical re-
fraction, R, defined as the topocentric (i.e., unrefracted) zenith
angle minus the observed (i.e., refracted) zenith angle:

R ¼
Z

n0

1

tanðzÞ
n

dn (22)

where n is the index of refraction, z is the zenith angle, and the
integral is carried out along the path of the electromagnetic
wave. In the next section, we address the specific problem
of calculating the refractive electromagnetic signal bending
due to the Earth’s atmosphere.

3. REFRACTIVE BENDING DUE TO THE EARTH’S
ATMOSPHERE

Since the mid-1700s astronomers have studied refractive
bending of electromagnetic waves due to the Earth’s atmosphere
in order better to understand the correspondence between mea-
sured and absolute positions of astronomical objects. Young
(2004) presents a very thorough historical review of the devel-
opment of our understanding of atmospheric refraction at
optical wavelengths. The development of radio refraction algo-
rithms parallels that described by Condon (2004) for the Green
Bank Telescope. There have been many formulations of the
equation which describes the bending of light through the
Earth’s atmosphere (Young 2004). The following derivation
of a generalized refractive bending calculation using a simple
ray-trace analysis was originally proposed by Auer & Standish
(1979)2 and further developed by Hohenkerk & Sinclair (1985),
and is described in Urban & Seidelmann (2013). A modern de-
scription of the algorithm can be found in Auer & Standish
(2000). The SLALIB3 refraction function slaRefro uses a modi-
fied version of the Hohenkerk & Sinclair (1985) development
of the Auer & Standish (1979) algorithm. Recent versions of
slaRefro include an atmospheric model (Liebe et al. 1993) that
allow for calculation of the atmospheric refractivity up to fre-
quencies of 1 THz.

In principle, the refraction R could be calculated directly
from equation (22) by numerical quadrature. But, as Auer &
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FIG. 3.—Diagram showing the propagation of an electromagnetic signal
through a radially-stratified atmosphere.

2 Although Young (2000) reports that the algorithm had in fact been derived
and used by J. B. Biot in 1839.

3 SLALIB is the name of a widely used collection of positional-astronomy
computer subprograms. A Fortran version released under the GNUGeneral Pub-
lic License is available from the Starlink Software Store: see http://starlink.jach
.hawaii.edu/starlink. Proprietary C versions exist also.
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Standish (1979, 2000) point out, numerical difficulties at z ¼
90° make it preferable to use z itself as the variable of integra-
tion. Auer & Standish (2000) derive a transformed version of
equation (22) which varies slowly over z and avoids the numer-
ical difficulties at z ¼ 90°. Following their derivation, equa-
tion (22) can be written in terms of lnðnÞ as follows:

R ¼
Z

lnðn0Þ

0
tan z dðlnnÞ: (23)

Taking the logarithmic derivative of equation (16)

lnðrnÞ ¼ lnðn0r0 sin z0Þ � lnðsin zÞ
dðlnðrnÞÞ

dz
¼ � 1

tan z
(24)

and substituting this expression into equation (23)

R ¼ �
Z

lnðn0Þ

0

dz

dðlnðrnÞÞ dðlnnÞ: (25)

Further substituting the following

dðlnðrnÞÞ ¼ dðln rÞ þ dðlnnÞ
Rðlnn0Þ ¼ Rðz0Þ (26)

leads to

R ¼ �
Z

z0

0

dðlnnÞ
dðln rÞ þ dðlnnÞ dz

¼ �
Z

z0

0

dðlnnÞ
dðln rÞ

1þ dðlnnÞ
dðln rÞ

dz; (27)

which is equation (3) from Auer & Standish (2000). Making the
substitution

dðlnnÞ
dðln rÞ ¼

r

n

dn

dr
(28)

leads to the following

R ¼ �
Z

z0

0

r dn
dr

nþ r dn
dr

dz: (29)

Note that one can replace the refractive index n with the refrac-
tivity N using equation (3).

Equation (29) is well-behaved at z ¼ 90° and can be evalu-
ated by quadrature using equal steps in z. At each step in z the
corresponding values for r, n, and dn

dr must also be calculated,
thus requiring input from a model of the radial variation of P , T ,
and RH in the Earth’s atmosphere (see § 3.1). Values for r, n,
and dn

dr are found by finding the roots of equation (16) as a
function of r:

F ðrÞ ¼ nr� n0r0 sin z0
sin z

: (30)

One can find the root of equation (30) by Newton–Raphson it-
eration, whereby the following equation is calculated with an
initial guess (r0) to find successive potential roots (r1, r2;…):

riþ1 ¼ ri �
F ðriÞ
F 0ðriÞ

¼ ri �
�
niri � n0r0

sin z0
sin z

ni þ ri
dni

dri

�
(31)

for i ¼ 1; 2;…, where ri is the value of r calculated at the pre-
vious step of the integration, and we have used the fact that

F 0ðrÞ ¼ dn

dr
rþ n: (32)

Convergence of this iteration is fast, requiring only about four
steps. Once one has a converged solution for r, n, and dn

dr can be
calculated using the chosen atmospheric model.

The calculation then continues by integrating equation (29)
over each atmospheric interval (troposphere and stratosphere)
using Simpson’s rule with summation over equal steps in z

Z
r3

r0

fðrÞdr ¼ Δr

3
ðf0 þ 4f1 þ 2f2 þ f3Þ; (33)

where fn is fðxÞ evaluated at x ¼ x0; x1; x2, and x3. One can
then compare each integration result with the result of the pre-
vious step of this integration. There is then a check for either
convergence (slaRefro uses j R fðziÞdz�

R
fðzi�1Þdzj ≤ 10�8)

or maximum iteration reached (slaRefro uses 16384). If conver-
gence or maximum iteration has not been reached, recalculate r
at each step in zenith distance by again solving equation (29)
using the procedure outlined above (eq. [31]).

Equation (29) is the refraction equation used in Urban &
Seidelmann (2013), equation (7.80). A simple two-component
model of the atmosphere is often assumed. In this model, there
is a discontinuity in dn

dr at the tropopause, so the refraction inte-
gral must be calculated in two parts: one for the troposphere and
another for the stratosphere. Note also that atmospheric inhomo-
geneities can be accounted for in this formalism by using mul-
tiple components in the integration.

3.1. Atmospheric Model

Equation (29) requires a description of the radial variation of
n and its derivative dn

dr, which depend upon the radial variation of
P , T , and RH in the Earth’s atmosphere. A number of analytic
expressions for nðrÞ and dn

dr have been used in the past, including
the piecewise polytropic model of Garfinkel (1944, 1967).
Following the atmospheric model described by Sinclair (1982)
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and Hohenkerk & Sinclair (1985), a simple two-component
model for the Earth’s atmosphere can be defined as follows:

1. Spherically symmetric distribution of density with two
layers (troposphere and stratosphere).

2. Hydrostatic equilibrium.
3. Perfect gas law applies.
4. Temperature decreasing at a constant rate with height in

the troposphere and constant in the stratosphere.
5. The Gladstone–Dale relation, n� 1 ¼ aρ, which relates

the refractive index n and the density ρ, where a is a constant
which depends only on the local physical properties of the
atmosphere.

6. Two-layer structure4 with a < ∞ for re ≤ r ≤ ht and a ¼
∞ for ht ≤ r ≤ hs.

7. Constant relative humidity in the troposphere which is
consequently equal to the relative humidity measured at the
observer.

8. The following constants:

a) Universal gas constant: Rg ¼ 8314:32 J=ðmole�KÞ
b) Molecular weight of dry air: Md ¼ 28:9644 g=mole
c) Molecular weight of wet air: Mw ¼ 18:0152 g=mole
d) Molecular weight of atmosphere (mixture of dry and wet

air): Matm

e) Acceleration due to gravity at the center of mass of the
vertical column of air above the observer at observer height
h0: gm. See Appendix B for further details on the preferred ex-
pression for gm.

f) Height of the Earth’s geoid (assumingWGS84 spheroid) as a
function of latitude: rWGS84 ¼ 6378:137ð1� sin2 ϕ

298:257223563Þ km
g) Distance from the geoid to the observer: h0

h) Distance from the geoid to the tropopause: ht

i) Distance from the geoid to the limit of the stratosphere: hs

j) Total height of the observer: r0 ¼ rWGS84 þ h0

k) Total height of the troposphere: rt ¼ rWGS84 þ ht

l) Total height of the stratosphere: rs ¼ rWGS84 þ hs

In the following, we derive the radial variation of the tem-
perature (T ) and pressure (P ).

3.1.1. Temperature Distribution

The distribution of temperature with r is defined as:

T ðrÞ ¼ T 0 þ αðr� r0Þ
dT

dr
¼ α; (34)

where α is often referred to as the “atmospheric temperature
lapse rate.” In the following analysis of the pressure distribution
we will use these temperature relations.

3.1.2. Pressure Distribution

In the following we derive the distribution of pressure with
height above the observer. The algorithm we describe follows
closely that presented by Sinclair (1982), Murray (1983), and
Hohenkerk & Sinclair (1985). Combining the ideal gas law:

P ¼ ρRgT

Matm
(35)

and the equation for hydrostatic equilibrium:

dP

dr
¼ �gmρ (36)

and the temperature distribution relation (eq. [34]) we find that:

dP

P
¼ � gmMatm

αRg

dT

T
: (37)

Integrating equation (37) yields:Z
dP

P
¼ � gmMatm

αRg

Z
dT

T

ln

�
P

P 0

�
¼ ln

�
T

T 0

��gmMatm
αRg

P

P 0

¼
�
T

T 0

��gmMatm
αRg

¼
�
T

T 0

�
β

(38)

where we have defined:

β ≡� gmMatm

αRg

: (39)

The total atmospheric pressure (P ) and density (ρ) each have
two components: the partial pressure and density due to dry air
(Pd and ρd) and the partial pressure and density due to water
(Pw and ρw). Since the water vapor pressure Pw decreases much
more rapidly than the total pressure P , we need to separate P
into its constituent parts. These pressures and densities are re-
lated as follows:

P ¼ Pd þ Pw (40)

ρ ¼ ρd þ ρw (41)

using the Ideal Gas Law (eq. [35]) for each component (dry,
wet, and total), we can write equation (35) as:

P ¼ RgT

Matm
ðρd þ ρwÞ

¼ PdMd þ PwMw

Matm
; (42)

4 In the adopted atmospheric model the tropopause is a transition, not a layer.
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which allows us to write Matm in terms of its dry and wet com-
ponents as using equation (40):

Matm ¼ PdMd þ PwMw

P

¼ Md �
PwðMd �MwÞ

P
: (43)

Combining equations (43), (37), and (38) produces a general
expression which describes the variation of P with r:

dP

P
¼ �gmMd

αRg

dT

T
þ gmMdPw

αRgP 0

�
T

T 0

��β
�
1�Mw

Md

�
dT

T

¼ β
dT

T
� β

Pw

P 0

�
T

T 0

��β
�
1�Mw

Md

�
dT

T
: (44)

Note that in equation (44) gm (eq. [B8]) and T (eq. [34]) are
known functions of r. Only the radial dependence of Pw is
as yet unknown.

At this point we need to take a little diversion into the rela-
tionship between relative humidity (RH) and saturation vapor
pressure (esat). In Appendix C we note that the approximation:

esatðP; T Þ
esatðP 0; T 0Þ

¼
�
T

T 0

�
γ

(45)

for saturation vapor pressure agrees with the more exact expres-
sion (eq. [C1]: Buck 1981) to within �0:2 hPa for P between
600 hPa and 1200 hPa and T between �30 C and þ20 C.5

Therefore, using equation (45) in equation (44) yields:

dP

P
¼ β

dT

T
� β

Pw0

P 0

�
T

T 0

�
γ�β

�
1�Mw

Md

�
dT

T
: (46)

Integrating equation (46) in the same way as for equation (37)
leads to the general expression which describes the radial de-
pendence of atmospheric pressure:

ln

�
P

P 0

�
¼ ln

�
T

T 0

�
β
þ β
γ � β

�
1�Mw

Md

�
Pw0

P 0

�
1�

�
T

T 0

�
γ�β

�
P

P 0

¼
�
T

T 0

�
β
expðW Þ (47)

where we have defined:

W ≡ β
γ � β

�
1�Mw

Md

�
Pw0

P 0

�
1�

�
T

T 0

�
γ�β

�
: (48)

Sinclair (1982) points out that W ≲ 0:003, which allows one to
expand the exponential as expðW Þ≃ 1þW and write equa-
tion (47) as:

P

P 0

¼
�
T

T 0

�
β
þ β
γ � β

�
1�Mw

Md

�
Pw0

P 0

��
T

T 0

�
β
�
�
T

T 0

�
γ
�
:

(49)

3.1.3. Application to the Troposphere and Stratosphere

In the following we list the parametric forms for P ðrÞ, T ðrÞ,
RHðrÞ, n, and dn

dr in the troposphere and the stratosphere:

1.Troposphere: (re ≤ r ≤ ht)

T ðrÞ ¼ T 0 þ αðr� r0Þ (50)

P ðrÞ ¼ P 0

�
T

T 0

�
β
þ βPw0

γ � β

�
1�Mw

Md

���
T

T 0

�
β
�
�
T

T 0

�
γ
�

(51)

RHðrÞ ¼ RH0ðconstantÞ (52)

n ¼ 1þ 10�6NðrÞ (53)

dn

dr
¼ 10�6 dNðrÞ

dr
: (54)

2. Stratosphere: (ht ≤ r ≤ hs)

For isothermal atmospheric layers (like the stratosphere),
α ¼ 0 and we use the approximation lnð1þ ϵÞ → ϵ as ϵ → 0,
which makes equations (34) and (38) become

T ðrÞ ¼ T ðhtÞðconstantÞ (55)

P ðrÞ ¼ P ðhtÞ exp
�
� gmMatmðr� rtÞ

RgT ðhtÞ
�

(56)

RHðrÞ ¼ 0 (57)

n ¼ 1þ ðnðhtÞ � 1Þ exp
�
� gmMatmðr� rtÞ

RgT ðhtÞ
�

¼ 1þ 10�6NðhtÞ exp
�
� gmMatmðr� rtÞ

RgT ðhtÞ
�

(58)

dn

dr
¼�gmMatmðr�rtÞ

RgT ðhtÞ
ðnðrtÞ�1Þexp

�
�gmMatmðr�rtÞ

RgT ðrtÞ
�

¼�gmMatmðr�rtÞ
RgT ðhtÞ

10�6NðrtÞexp
�
�gmMatmðr�rtÞ

RgT ðrtÞ
�
:

(59)
5 Note that 1 hectopascal (hPa) = 1 millibar (mb) and that we use these two

units interchangeably.
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3.1.4. Atmospheric Radio/Submillimeter Refractivity

There are two ways to derive the atmospheric refractivityN0

at the observatory for use in equation (29):

1. Develop a closed-form expression for N rad
0 as functions of

P and T .
2. Use an atmospheric model.

As the historical development ofN0 started with (1), which will
also allow us to describe the physics behind this quantity, we
revisit those expressions for N0 ≡N rad

0 which are appropriate
for calculations at radio and submillimeter wavelengths.6

In general, the refractivity of moist air at microwave frequen-
cies depends upon the permanent and induced dipole moments
of the molecular species that make up the atmosphere. The pri-
mary species that make up the dry atmosphere, nitrogen and
oxygen, do not have permanent dipole moments, so contribute
to the refractivity via their induced dipole moments. Water va-
por does have a permanent dipole moment. Permanent dipole
moments contribute to the refractivity as N rad

0 ∝ P
T 2, while in-

duced dipole moments contribute as N rad
0 ∝ P

T , where P is
the pressure and T is the temperature of the species.

A simple parameterization of the frequency-independent
(nondispersive) refractivity at the zenith is given by the Smith–
Weintraub equation (Smith & Weintraub 1953):

N rad
0 ¼ k1

Pd

T
þ k2

Pw

T
þ k3

Pw

T 2
þ k4

Pc

T
(60)

where Pd, Pw, and Pc are the partial pressures due to dry air,
water vapor, and carbon dioxide, T is the temperature of the
atmosphere, and k1, k2, k3, and k4 are constants. The dry and
wet air refractivities are then given by:

Nd ¼ k1
Pd

T
(61)

Nw ¼ k2
Pw

T
þ k3

Pw

T 2
(62)

Nc ¼ k4
Pc

T
¼ 5

3

Pc

T
: (63)

Since the partial pressure due to carbon dioxide is ∼0:04%7 of
the total pressure, this term is often ignored or lumped into the
dry air contribution in the simple parameterizations of atmo-
spheric refractivity.

The dry air contribution to this refractivity (Nd) is primarily
due to oxygen and nitrogen, and is nearly in hydrostatic equi-
librium. Therefore, Nd does not depend upon the detailed

behavior of dry air pressure and temperature along the path
through the atmosphere, and can be derived based on local at-
mospheric temperature and pressure measurements. The wet air
refractivity (Nw) can be inferred from local water vapor radiom-
etry measurements.

Closed-form approximations for the nondispersive N rad
0 ðP;

T Þ have been derived for use at frequencies below 100 GHz
by Brussaard & Watson (1995):

BWN rad
0 ¼ 77:6

Pd

T
þ 72:0

Pw

T
þ 3:75 × 105

Pw

T 2
ppm

¼ 77:6
P

T
� 5:6

Pw

T
þ 3:75 × 105

Pw

T 2
ppm (64)

and Smith & Weintraub (1953) (see also Crane [1976] and
Liebe & Hopponen [1977]):

SWN rad
0 ¼ 77:6

Pd

T
þ 72:0

Pw

T
þ 3:776 × 105

Pw

T 2
ppm

¼ 77:6
P

T
� 12:8

Pw

T
þ 3:776 × 105

Pw

T 2
ppm (65)

where Pd is the partial pressure of dry gases in the atmosphere
(in hPa), Pw is the partial pressure of water vapor (in hPa), P
is the total barometric pressure (in hPa), which is equal to
Pd þ Pw, and T is the ambient air temperature (in Kelvin).

The best of the closed-form approximations to the nondisper-
sive refractivity, though, is the equation derived by Rüeger
(2002) which uses what he describes as the “best average” val-
ues for the coefficients k1, k2, and k3 (which includes a 375 ppm
contribution due to carbon dioxide in the k1 term):

RuegerN rad
0 ¼ 77:6890

Pd

T
þ 71:2952

Pw

T

þ 3:75463 × 105
Pw

T 2
ppm

¼ 77:6890
P

T
� 6:3938

Pw

T

þ 3:75463 × 105
Pw

T 2
ppm: (66)

Comparing these three closed-form expressions for radio re-
fractivity at representative values of pressure, temperature, and
relative humidity appropriate for the best (P ¼ 560 hPa, T ¼
�20 ° C, RH ¼ 0%) and worst (P ¼ 548 hPa, T ¼ þ20 ° C,
RH ¼ 100%) atmospheric conditions at the ALMA site
(altitude ¼ 5:0587 km) to a more exact model of the atmo-
spheric refractivity (which includes a dispersive contribution),
we find that:

1. The Brussaard & Watson (1995), Smith & Weintraub
(1953), and Rüeger (2002) expressions agree to better than
0.1% for all conditions.

6 For a brief description of atmospheric refractivity at optical wavelengths, see
Appendix A.

7At present, this compares with less than 0.03% in preindustrial times, and is
currently increasing by more than 0.002% per decade.
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2. The Brussaard & Watson (1995), Smith & Weintraub
(1953), and Rüeger (2002) expressions agree with a more exact
(i.e., including dispersive refractivity; Liebe 1989) atmospheric
model prediction of N rad

0 to better than (see Fig. 4):

a) Under the best ALMA atmospheric conditions:

i) 0.07% at 8 GHz
ii) 0.14% at 230 GHz
iii) 0.75% at 370 GHz (this is a band edge for ALMA)
iv) 0.14% at 950 GHz (the highest band edge for ALMA)

b) Under the worst ALMA atmospheric conditions:

i) 3% at 8 GHz
ii) 13% at 230 GHz
iii) 75% at 370 GHz
iv) 83% at 950 GHz

It is clear from this comparison that the closed-form expressions
for N0 are good only for calculations at frequencies far from
telluric lines and for relatively dry conditions. For general high-
accuracy calculations at submillimeter wavelengths one must
use an atmospheric model (such as Liebe 1989; Liebe et al.
1993; Pardo et al. 2001) which incorporates both nondispersive

and dispersive contributions to the refractivity to derive the total
atmospheric refractivity.

3.2. Approximations to the Astronomical Refraction

Instead of using the integral equation (22), various approx-
imations are often made to reduce this expression to a simple
analytic form. Some of the more generally useful forms are
based on a generator function formalism which assumes an ex-
ponential atmospheric profile

NðhÞ ¼ N0 exp

�
�ðr� r0Þ

H

�
; (67)

where r and r0 are height coordinates and H is the effective
height of the atmosphere

H ¼ RgT

Matmgm
; (68)

where Rg is the universal gas constant, Matm is the molar mass
of the atmosphere, T is the temperature of the atmosphere, and

FIG. 4.—Radio refraction coefficient fractional difference between the Rüeger (2002) and Liebe (1989) estimates for N rad
0 under the worst (dashed curve) and best

(solid curve) sets of atmospheric conditions measured at the ALMA site. The best-case condition is equivalent to a troposphere devoid of water vapor. The solid
horizontal bars near the top of the diagram show the frequency ranges for the 10 ALMA receiver bands (Wootten & Thompson 2009).
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gm is the gravitational acceleration constant measured at the
center of the vertical column of air (see § 3.1).

One form of this generator function formalism has been de-
scribed by Yan & Ping (1995) and Yan (1996) as follows:

Rgenerator ¼ R0m
0ðzÞ sin z; (69)

where R0 is defined in terms of N0 in equation (11) and where
the generator function m0ðzÞ is defined as follows:

m0ðzÞ ¼ 1

cos zþ A1

I2 sec zþ A2

cos zþ 13:24969
I2 sec zþ173:4233

(70)

with

I ¼
ffiffiffiffiffiffiffi
r0
2H

r
cot z: (71)

See Mangum (2001) for further information on the use of this
formalism for calculating the refraction. Note, though, that the
analysis presented in Yan & Ping (1995) purports to achieve an
accuracy far better than is realistic. Furthermore, comparisons
with the refraction function slaRefro suggests that the paramet-
ric equation presented in Yan & Ping (1995) is tuned to a spe-
cific set of site and meteorological conditions (sea level and
relatively dry).

An even simpler, though less exact, approximation to equa-
tion (22) can be derived if one assumes a single-layer uniform
atmosphere. Noting that Snell’s Law (eq. [7]) reformulated in
terms of zenith angle for a single-layer atmosphere (eq. [16]
with ϕ ¼ z) becomes:

nr sin z ¼ n0r0 sin z0; (72)

we can solve for sin z and substitute into the trigonometric iden-
tity for tan z:

tan z ¼ sin zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 z

p

¼ n0r0 sin z0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2r2 � n2

0r
2
0 sin

2 z0

q : (73)

Substituting this expression into our general equation for atmo-
spheric refraction (eq. [22]) results in an approximation to the
refractive atmospheric bending due to a single-layer Earth
atmosphere:

Rspherical ¼
Z

n0

1

n0r0 sin z0
nðn2r2 � n2

0r
2
0 sin

2 z0Þ12
dn: (74)

As noted in Smart (1962), chapter 3, § 37: since the height
of the Earth’s atmosphere at which the refractive medium is

located is small in comparison with its radius (r ≪ r0), we
can use:

r

r0
¼ 1þ ϵ (75)

where ϵ ≪ 1 to substitute for r
r0
in equation (74):

Rspherical ¼
Z

n0

1

n0 sin z0
nðn2 � n2

0 sin
2 z0Þ12

dn

�
Z

n0

1

n0 sin z0nϵ
ðn2 � n2

0 sin
2 zÞ32 dn; (76)

which after integration (See Smart 1962; Green 1985) becomes:

Rspherical ¼ A tan zþB tan3 zþ C tan5 z (77)

where A, B, and C are constants dependent on the local atmo-
spheric temperature, pressure, and relative humidity. The approx-
imations used to derive equation (77) are good for z ≤ 75°. For
a plane-parallel single-layer atmosphere all of the terms higher
than first order in z are zero, which results in the following equa-
tion for the atmospheric refraction (see eq. [10]):

Rplane ¼ A tanðzÞ: (78)

Figure 5 shows some example refraction calculations.

FIG. 5.—Refraction (R; top) and refraction difference (ΔR; bottom) as a func-
tion of zenith angle for a sampling of refraction models. The refraction function
slaRefro is a modified version of the Hohenkerk & Sinclair (1985) development
of the Auer & Standish (1979) algorithm (§ 3). “Optical” uses eq. (A1) with the
Yan & Ping (1995) generator function eq. (69). “Rüeger” uses eq. (66) with with
the Yan & Ping (1995) generator function eq. (69). “TanTan” uses eq. (77) with
the coefficient C set to zero and coefficients A and B derived using the SLALIB
routine slaRefco. To derive A and B slaRefco forces the refraction equation (77)
to agree with slaRefro at z ¼ 45° and arctan(4), or ∼76°.
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4. REFRACTIVE DELAY DUE TO THE EARTH’S
ATMOSPHERE

The calculation of the atmospheric refractive delay parallels
that for refractive bending. To illustrate this fact, the plane-
parallel atmosphere approximation to the general equation for
atmospheric delay (eq. [4]) is given by:

Latm ¼
Z ∞
r0

10�6NðrÞ
cos z

dr (79)

In practice the upper limit to the integral in equation (79) is the
top of the stratosphere. By using an atmospheric model to cal-
culate NðrÞ one can numerically integrate equation (79) to de-
rive the refractive delay due to the atmosphere. Note that
equation (79) becomes inaccurate at large zenith angles.

To derive a more exact estimate of the atmospheric refractive
delay one can assume an atmosphere that is horizontally strati-
fied with an exponential distribution in scale height. Thompson
et al. (2001) pp. 516–518 discuss this scenario, the derivation
for which we reproduce in the following. The excess path length
is given by:

Latm ¼ 10�6N0

Z ∞
0

exp

�
� h

hatm

�
dy; (80)

whereN0 is the refractivity at the Earth’s surface, h is the height
above the Earth’s surface, hatm is the atmospheric scale height, y
is the length coordinate along the direction to the source, z is the
antenna zenith angle while observing the source, and an expo-
nential distribution to the atmospheric index of refraction has
been assumed. One can relate y, h, hatm, and z as follows
(see Fig. 13–4 in Thompson et al. [2001]) using the cosine rule
on the triangle formed by r0, y, and r0 þ h:

ðr0 þ hÞ2 ¼ r20 þ y20 � 2r0y cosð180°� zÞ: (81)

Solving for h yields:

h ¼ y cos zþ y2 � h2

2r0
: (82)

For the nearly right-angled triangle with sides y sinðziÞ, y, and
h, we can write:

y2 � h2 ≃ ðy sin ziÞ2: (83)

Since r0 ≃ 6370 km and h≃ 12 km (the typical height of
the troposphere, which varies from 9 to 17 km, pole to equator,
and seasonally), r0 ≫ h. Since zi ≃ zþ h

r0
, zi ≃ z (refractive

bending is neglected). The equation for h in terms of y, z, and
r0 then becomes:

h≃ y cos zþ y2

2r0
sin2 z: (84)

We can now write the expression for L as follows:

Latm ≃ 10�6N0

Z ∞
0

exp

�
� y

hatm

cos z

�

× exp

�
� y2

2r0hatm

sin2 z

�
dy: (85)

Since y2

r0hatm
≪ 1, the second term in the equation above can

be expanded with a Taylor series so that:

Latm ≃ 10�6N0

Z ∞
0

exp

�
� y

hatm

cos z

�

×

�
1� y2

2r0hatm
sin2 zþ y4

8r20h
2
0

sin4 zþ…
�
dy: (86)

Integration yields:

Latm ≃ 10�6N0hatm sec z

�
1� hatm

r0
tan2 zþ 3h2

0

r20
tan4 zþ…

�
:

(87)

Writing this equation in terms involving sec z, the excess path
length L becomes:

Latm ≃ 10�6N0hatm

��
1þ hatm

r0
þ 3h2

0

r20

�
sec z

�
�
hatm

r0
þ 6h2

0

r20

�
sec3 zþ 3h2

0

r20
sec5 zþ…

�
: (88)

Note that one must calculate N0 using a suitable atmospheric
model which uses measurements of the local atmospheric pres-
sure, temperature and relative humidity to derive the resultant
differential residual delay. In Figure 6 we show a representative

FIG. 6.—Refraction (R; left) and excess path delay (Latm; right) as a function
of zenith angle for the atmospheric conditions indicated. The Liebe (1989) at-
mospheric model has been used to calculate Latm (N0 ¼ 189:416 ppm).
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calculation of Latm for the same set of typical atmospheric con-
ditions on the ALMA site used to characterize the atmospheric
refractive bending (R) in Figure 5.

4.1. Differential Excess Atmospheric Delay Between
Antennas

In the calculation of the atmospheric delay for the antenna
elements in an interferometer, two additional delay corrections
need to be considered. The first correction is due to the differ-
ential excess path length induced by a nonplanar atmosphere
(Hinder & Ryle 1971). The second is a correction toN0 at each
antenna which accounts for differences in the height of the an-
tenna (Az, El) intersection point above the reference point for
the local atmospheric parameters for the interferometer.

4.1.1. Differential Atmospheric Curvature Delay Between
Antennas

For antenna elements oriented along an east-west baseline ob-
serving a source that is transiting, we can estimate the change in
excess atmospheric delay between one antenna and another an-
tenna along this baseline. Taking the derivative of Latm with re-
spect to z and multiplying this derivative by the baseline lengthD
divided by r0 yields the atmospheric differential delay between
two antennas separated by distanceD along an east-west baseline:

dLatm

dz
≃�DN0h0 tan z

r0

��
1þ h0

r0
þ 3h2

0

r20

�
sec z

� 3

�
h0

r0
þ 6h2

0

r20

�
sec3 zþ 15h2

0

r20
sec5 zþ…� ðmmÞ

(89)

where D is in m, h0 is in km, r0 is in km, and the result is in
mm. Figure 7 shows the results of equation (89) as a function
of N0 for a range of baseline lengths and source zenith angles.
To illustrate the magnitude of this correction to the atmo-
spheric delay, for an antenna separation of ∼2 km observing
a source at a zenith angle of ∼45° the differential excess atmo-
spheric curvature delay is ∼5N0 μm. For a typical value of
N0 ∼ 300 ppm dLatm

dz ≃ 1:5 mm.

4.1.2. Antenna Height Correction to Total Atmospheric
Delay

In the calculation of the zenith atmospheric delay at an an-
tenna it is assumed that the atmospheric properties (P , T , RH)
are the values measured at the (Az, El) axis intersection point of
the antenna. For example, in VLBI each antenna station has a set
of associated weather measurements which are used to calculate
N0. For a clustered array like the VLA or ALMA, the effects of
the differences in antenna (Az, El) axis intersection point height
above some reference point for the local atmospheric parame-
ters need to be accounted for.

The antenna height correction to the total atmospheric delay
can be estimated using a simple atmospheric delay model which
corrects for the path difference between each antenna in an array
and a reference point at the center of the array. For a clustered
array like the VLA, the extra atmospheric path due to a difference
in antenna height above the center-of-the-array reference point
(ΔH, in ns) is given simply by the change in atmospheric pressure
between the antenna array elements. A simple estimate of the
magnitude of the antenna height difference correction at the zenith
can be obtained by assuming that the pressure P changes linearly
with height. Then, for example, 100 cm of additional antenna
height out of a total atmospheric height of 8 km would correspond
to ð100 cm

8 km ÞP ¼ 0:099 hPa of pressure differential, where we have
assumed that P ¼ 790 hPa (typical atmospheric pressure at the
VLA site). The change to the dry term of the atmospheric delay
is roughly 2:3 mm=hPa. This implies that a pressure change of
0.099 hPa corresponds to approximately 0:228 mm of path dif-
ference, which is approximately 10 times smaller than the excess
delay due to atmospheric curvature (§ 4.1.1).

4.2. Refractive Delay Calculation in Practice

Starting in the 1970s geodesists developed atmospheric re-
fractive delay models which emphasized computational sim-
plicity. As with the derivation of the atmospheric refractive
bending, atmospheric refractive delay is generally parameter-
ized as the product of a term which depends upon the local at-
mospheric parameters (Z) and a term which describes the zenith
angle dependence of the atmospheric delay through the use of a
“mapping function” 8 (M).

FIG. 7.—Plot of eq. (89) as a function ofN0 for baseline lengths from 10 m to
1 km and zenith angle 1 to 90°.

8 The “mapping function” M used in atmospheric refractive delay calcula-
tions is directly analogous to the “generator function” m0 sometimes used in
the atmospheric refractive bending calculation.
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As was the case for atmospheric refractive bending, in lieu of
an atmospheric model-based calculation of N it is often conve-
nient to separate the atmospheric delay into contributions due to
the dry and wet components of the atmosphere:

Latm ¼ Ld þ Lw; (90)

where Ld is the contribution due to dry air while Lw is the con-
tribution due to water vapor. In general Ld and Lw are parame-
terized in terms of a zenith contribution to the delay which is
dependent upon local atmospheric conditions (Z) and a map-
ping function (M) which relate delays at an arbitrary zenith an-
gle z to that at the zenith:

Latm ¼ ZM

¼ ZdMd þ ZwMw (91)

Since z is the unrefracted zenith angle, refractive delay ef-
fects are included in the mapping functionsM . In the following
we describe typical methods for calculating Z and M .

4.2.1. Zenith Delay

The contribution to the atmospheric delay at the zenith (Z) is
a measure of the integrated refractivity of the atmosphere at the
zenith (N). As was noted in § 3.1.4 there are closed-form ex-
pressions for NðP; T Þ which are appropriate for calculations at
frequencies below 100 GHz. For high-frequency calculations,
one must use an atmospheric model.

4.2.2. Mapping Functions

The simplest form for the mapping function (M), which re-
lates the delay at an arbitrary zenith angle z to that at the zenith,
is given by the plane-parallel approximation for the Earth’s
atmosphere:

M ¼ 1

cos z
(92)

This simple form is in practice inadequate, which led Marini
(1972) to consider corrections which accounted for the Earth’s
curvature. Assuming an exponential atmospheric profile where
the atmospheric refractivity varies exponentially with height
above the antenna, Marini (1972) developed a continued frac-
tion form for the mapping function:

M ¼ 1

cos zþ a

cos zþ b

cos zþ c

; (93)

where we include only the first three terms in the continued frac-
tion. The constants a, b, c, d, etc. in the continued fraction forms
for the mapping functions presented in this tutorial are generally
derived from analytic fits to ray-tracing results of standard

atmospheric models. These mapping function constants are of-
ten optimized using measurements of the atmospheric distribu-
tion of pressure and temperature over an observatory (based on
radiosonde measurements, for example). The mapping func-
tions derived in Niell (1996) and Davis et al. (1985) are opti-
mized in this way.

Two slight modifications to the Marini (1972) continued
fraction functional form can be implemented to force M ¼ 1
at the zenith:

1. Normalize equation (93) as follows:

M ¼
1þ a

1þ b
1þc

cos zþ a

cos zþ b
cos zþc

: (94)

See Niell (1996) for a discussion of how to use this form of the
mapping function9, including derivation of the coefficients a, b,
and c.

2. Replace the even numbered cos z terms (i.e., the second,
fourth, sixth, etc.) with cot z:

M ¼ 1

cos zþ a

cot zþ b
cos zþc

: (95)

Chao (1974) introduced this modification by truncating the
Marini (1972) form to include only two terms.

As noted in § 3.2, a similar continued-fractional form for the
mapping function has been developed by Yan & Ping (1995)
and Yan (1996) (eq. [70]).

A physically more correct mapping function has been de-
rived by Lanyi (1984). Unlike previous mapping functions,
Lanyi’s does not fully separate the dry and wet contributions
to the delay, which is a more physically correct approximation.
It is based on an ideal model atmosphere whose temperature is
constant from the surface to the inversion layer h1, then de-
creases linearly with height at rateW from h1 to the tropopause
height h2, then is assumed to be constant above h2. This map-
ping function is designed to be a semianalytic approximation to
the atmospheric delay integral that retains an explicit tempera-
ture profile that can be determined using meteorological meas-
urements. The mapping function is expanded as a second-order
polynomial in Zd and Zw, plus the largest third-order term. It
is nonlinear in Zd and Zw. It also contains terms which couple
Zd and Zw, thus including terms which arise from the bending
of the electromagnetic wave path through the atmosphere. The
functional form for the atmospheric delay in this Lanyi (1984)
model is given by:

9 Note that eq. (4) in Niell (1996) contains a typo. The numerator should be
just A, rather than 1

A. See Niell (2001). Eq. (94) lists the correct form for this
equation.

86 MANGUM

2015 PASP, 127:74–91



Latm ¼ F ðEÞ
sinE

; (96)

where

F ðEÞ ¼ FdðEÞZd þ FwðEÞZw

þ Fb1ðEÞZ2
d þ 2Fb2ðEÞZdZw þ Fb3ðEÞZ2

w

Δ

þ Fb4ðEÞZ3
d

Δ2
; (97)

where Zd ¼ dry atmospheric zenith delay, Zw ¼ wet atmospheric
zenith delay, Fbn ¼ n-th bending contributions to the delay, Δ ¼
dry atmospheric scale height ¼ kT 0

mgm
, k ¼ Boltzmann’s constant,

T 0 ¼ daily average surface temperature, m ¼ mean molecular
mass of dry air, and gm ¼ gravitational acceleration of the cen-
ter of gravity of the air column. Standard values of k, m, T 0 ¼
292 K (appropriate for midlatitudes), gm ¼ 978:37 cm=s2, and
Δ ¼ 8:6 km are assumed. The dry, wet, and bending contribu-
tions are expressed in terms of moments of the refractivity. The
bending terms are evaluated for the ideal model atmosphere and
thus give the dependence of the delay on the four parameters T 0,
W , h1, and h2. Therefore, the Lanyi (1984) model relies upon
accurate surface meteorological measurements at the time of the
observations to which the delay model is applied.

Note that, contrary to the rest of this tutorial, we have cast the
functional form for the Lanyi (1984) atmospheric delay in terms
of the elevation (E), which is the coordinate used by Lanyi
(1984), rather than zenith angle. As the terms in equation (97)
are complex functions ofE, we opted not to provide a version of
equation (97) which used z as the dependent variable, mainly
out of fear of possibly adding errors to this discussion.

4.2.3. Mapping Function Summary

Differences between the various mapping functions increase
rapidly at high zenith angle (z > 80°). Lanyi (1984) has com-
pared the (Marini 1972, eq. [93]), (Chao 1974, eq. [95]), and
(Lanyi 1984, eq. [96]) mapping functions for atmospheric re-
fractive delay measurements at radio wavelengths. For z < 50°
these mapping functions differ by less than 4 mm in excess path
length. At high zenith angles (z > 80°), though, these differen-
ces increase to 60 mm, rapidly increasing for even higher zenith
angles.

Errors in the atmospheric path delay to an antenna are
equivalent to errors in the vertical position of the antenna. Fur-
thermore, for an interferometric antenna array errors in the ver-
tical position of an antenna are to first-order proportional to an
error in the interferometric baseline involving that antenna. Inter-
ferometric array baseline determination relies on measurements
of astronomical point sources observed over as large a range in
zenith angle as possible. Davis et al. (1985) showed that limiting
the maximum zenith angle in a baseline measurement from 85

to 80° results in an error in the baseline determination of ∼10�5.
As baselines in an interferometric array must be measured to an
accuracy of better than one part in 107 (Thompson et al. 2001)
so as not to degrade the sensitivity of the measurements made
with the interferometric array, errors in the determination of
the atmospheric refractive delay can be significant for Very
Long Baseline Interferometric (VLBI) measurements and/or in-
terferometric measurements at millimeter and submillimeter
wavelengths.

5. SOME BACKGROUND ON GENERATOR
FUNCTION REFERENCES

In the following we give some background information on
some of the references quoted in this section:

1. Niell (1996): Global Mapping Functions for the Atmo-
spheric Delay at Radio Wavelengths. The standard reference
for the derivation of a global mapping function for atmospheric
delay. This derivation of the mapping function is noteworthy in
that it attempts to represent analytically the global weather var-
iations as a function of location (latitude) and time of year, and
contains no adjustable parameters (i.e., does not require input
pressure and temperature for each station). Note that equation (4)
in Neill (1996) has a typo whereby the terms which are printed
as “1=term” in both the numerator and denominator should re-
ally be just “term” in both the numerator and denominator.

2. Davis et al. (1985): Geodesy by Radio Interferometry: Ef-
fects of Atmospheric Modeling Errors on Estimates of Baseline
Length. An application of a modified Smith–Weintraub refrac-
tivity and the Niell mapping functions.

3. Sovers et al. (1998): Astrometry and Geodesy with Radio
Interferometry: Experiments, Models, Results. An excellent
overview paper describing the details involved in calculating
geometric and atmospheric delay. Uses the Lanyi (1984) model
for the mapping function, which is a significant departure from
the standard (i.e., Niell 1996) mapping functions which derive
from the Marini (1972) reduced fraction functional form.

4. Lanyi (1984): Tropospheric Delay Effects in Radio Inter-
ferometry. Derivation of a new “tropospheric” (really atmo-
spheric) mapping function which, unlike previous mapping
functions, takes account of second and third-order effects in
the refractivity which are due to refractive bending. This deri-
vation of the mapping function is noteworthy in that it does not
fully separate the dry and wet contributions to the delay, making
it a physically more exact representation. It is claimed to be
more accurate than previous (i.e. Niell) mapping functions
for z < 86°, and the error due to the derived analytic form
for the mapping function is estimated to be less than 0.02%
for z < 84°.

5. Yan & Ping (1995) The Generator Function Method of the
Tropospheric Refraction Corrections. Another derivation of a
new “tropospheric” (really atmospheric) mapping function. A
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cousin to existing reduced-fraction expansions of the mapping
function.

6. Yan (1996): A New Expression for Astronomical Refrac-
tion. Related to the Yan & Ping (1995) reference above, but ap-
plied to the refraction calculation problem. Using the Yan &
Ping (1995) and Yan (1996) references one can apply a unified
formalism to both the atmosphere-induced refractive delay and
bending problems.

6. CONCLUSIONS

Modern astronomical measurements often require subarcsec-
ond position accuracy. For the simplified model atmospheres
presented in this tutorial, which assume a spherical structure
with hydrostatic equilibrium for the dry component (mainly
the stratosphere) and uniform mixing of the wet component
(mainly the troposphere) of the Earth’s atmosphere, radio astro-
nomical measurements with position accuracy ≲1″ at zenith an-
gles ≲75° are achievable. Any of the functional forms for
refractive bending and delay which assume a spherical atmo-
sphere are satisfactory in this simplified scenario. For measure-
ments at zenith angles ≳75°, or for more realistic atmospheric
conditions which violate the simple scenario described above,
or when higher positional accuracy than ∼1″ is required, more

care needs to be taken in the algorithm choice for atmospheric
refractive bending and delay.

For accurate calculation of the refractive electromagnetic
wave bending and propagation delay at an Earth-bound obser-
vatory, we recommend the following:

1. Refractive Bending Calculation: Use the Auer & Standish
(2000) method (eq. [29]) with the procedure described in § 3.
The refractivity (NðP; T Þ) is derived from an atmospheric
model such as Liebe (1989) or Pardo et al. (2001).

2. Refractive Delay Calculation: Use equation (79) with re-
fractivity derived from an atmospheric model. The best of the
mapping function solutions to Latm is the Lanyi (1984) algo-
rithm (eq. [96]), which appears to be quite accurate to zenith
angles as high as ∼85°.

JGM benefited greatly from discussions regarding the proper
calculation of atmospheric path delay with Darrel Emerson,
Dick Thompson, and Ed Fomalont. The referee for this manu-
script, Jim Moran, provided invaluable advice which resulted in
a greatly improved manuscript. The National Radio Astronomy
Observatory is a facility of the National Science Foundation
operated under cooperative agreement by Associated Universi-
ties, Inc.

APPENDIX A.

ATMOSPHERIC OPTICAL REFRACTIVITY

Refractivity in the optical is cast in a slightly different form
than that in the radio due to the fact that at optical wavelengths
dispersion is important, and color must always be taken into
account. Birch & Downs (1993) (see also Livengood et al.
[1999]) state that the optical refractivity is given by the following:

Nopt
0 ¼ NSTP ×NTP �NRH (A1)

where

NSTP ¼ 83:4305þ 24062:94

130� λ�2
þ 159:99

38:9� λ�2
(A2)

NTP ¼ Pd

1:01325× 103

×
ð273:15þ 15Þ

T

½1þ ð3:25602� 0:00972T ÞPd × 10�6�
1:00047

(A3)

NRH ¼ Pw × ð37:345� 0:401λ�2Þ × 10�3 (A4)

with Pd and Pw in hPa, T in K, and λ in μm. Note that we have
ignored the small correction for an increase in CO2 concentration
in equation (A1).

APPENDIX B.

ACCELERATION DUE TO GRAVITY

The mean acceleration due to gravity (gm) at the center of
mass of a vertical column of air above an observer is given by:

gm ¼
R∞
0 dxρðxÞgðxÞR∞

0 dxρðxÞ : (B1)

By expanding gðxÞ to first-order in x, fits to harmonic forms of
gm as a function of latitude (ϕ) can be derived. Geodesists
use a closed form of this harmonic function fit, known as the

Somigliana-Pizzetti formula (Pizzetti 1894; Somigliana 1929;
Moritz 1980):

gm ¼ aγe cos2 ϕþ bγp sin2 ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 cos2 ϕþ b2 sin2 ϕ

p
¼ γe

1þ κ sin2 ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2 sin2 ϕ

p ; (B2)
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where a and b are the semimajor and semiminor axes of the
geocentric gravitational potential ellipsoid of revolution chosen
to define the Earth’s gravitational potential, γe and γp are the
theoretical gravitational acceleration at the Earth’s equator
and pole, respectively, and e, the first eccentricity of the ellip-
soid, and κ are defined as follows:

e≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�
b

a

�
2

s
(B3)

κ≡ bγp
aγe

� 1: (B4)

Two Chebyshev approximations to equation (B2) are in com-
mon usage in geophysics. The first has a relative accuracy of
10�3 μm sec�2 (Moritz 1980) and is given by:

gm ¼ γeð1þ α0 sin2 ϕþ α1 sin4 ϕþ α2 sin6 ϕþ α3 sin8 ϕÞ;
(B5)

while the second has a relative accuracy of 1 μm sec�2 (Moritz
1980) and is given by:

gm ¼ γeðβ0 sin2 ϕþ β1 sin2 2ϕÞ: (B6)

Equation (B6) is the approximation most often used to com-
pute the latitudinal dependence of gravitational acceleration in
geophysics.

Most derivations of the mean acceleration due to gravity at a
given latitude calculate this quantity with reference to the center
of mass of a vertical column of air above an observer (Hc). It is
often convenient to calculate gm as a function of the height of
an observer above sea level on the surface of the Earth (h0).
Saastamoinen (1972) points out that, due to the poleward slope
of the tropopause and seasonal variations of T and P , regional
and seasonal variations in Hc tend to be smoothed out. To an
accuracy of �0:4 km, Hc and h0 are related by:

Hc ¼ 0:9h0 þ 7:3 km (B7)

In the following we list a variety of formulations for gm as
functions of latitude (ϕ) and observer height above sea level
(h0, in km). These expressions for gm differ by the assumed
gravitational potential ellipsoid and, with the exception of
equation (B8), rely on the use of the approximate form for
gm given in equation (B6). For observer height above sea level
ranging from 0 to 25 m all of the expressions for gm listed in
this appendix differ by less than 0.015%. Any of the gm listed
below are sufficient for the refraction application. Note also that
none of these expressions for gm take account of local gravita-
tional variations such as from nearby mountains, which can be
significant.

The expression for gm that we have adopted in this work
comes from the definition adopted by the World Geodetic Sys-
tem 1984 (WGS84), with an additional height correction:

gWGS84
m ¼ 9:7803267714

�
1þ 0:00193185138639 sin2 ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 0:00669437999013 sin2 ϕ

p �

� 0:003086Hc m=s2

¼ 9:7803267714

�
1þ 0:00193185138639 sin2 ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 0:00669437999013 sin2 ϕ

p �

� 0:02253� 0:0027774h0 m=s2 (B8)

where h0 is the height of the observer andHc is the height of the
center of mass of the vertical column of air above the observer,
both in km. Figure 8 shows how gWGS84

m varies as a function of
latitude and observer height above sea level.

Allen (1973) quotes the following form:

gAllenm ¼ 9:80612� 0:025865 cosð2ϕÞ þ 0:000058 cos2ð2ϕÞ
� 0:00308Hc m=s2

¼ 9:780313ð1þ 0:005289 sin2 ϕ� 0:0000059 sin2ð2ϕÞ
� 0:000315HcÞ m=s2

¼ 9:757823ð1þ 0:005301 sin2 ϕ� 0:0000059 sin2ð2ϕÞ
� 0:000284h0Þ m=s2 (B9)

From Urban & Seidelmann (2013) (which is also the form
used in SLALIB and by Hohenkerk & Sinclair [1985], and where
h0 is in km):

FIG. 8.—Acceleration due to gravity gWGS84
m as a function of observer latitude

and height above sea level.
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gES
m ¼ 9:784ð1:0� 0:0026 cosð2ϕÞ � 0:00028h0Þ m=s2

(B10)

The CRC handbook gives yet another variant:

gCRCm ¼ 9:780356ð1þ 0:0052885 sin2 ϕ� 0:0000059 sin2ð2ϕÞÞ
� 0:003086Hc m=s2

¼ 9:757828ð1þ 0:005301 sin2 ϕ� 0:0000059 sin2ð2ϕÞ
� 0:000284h0Þ m=s2 (B11)

with the reference Jursa (1985). The website http://geophysics
.ou.edu/solid_earth/notes/potential/igf.htm lists the following,
which is based on the Geodetic Reference System 1967:

gIGF67
m ¼ 9:78031846ð1þ 0:0053024 sin2 ϕ

� 0:0000058 sin2ð2ϕÞÞ � 0:003086Hc m=s2

¼ 9:757791ð1þ 0:005315 sin2 ϕ� 0:0000058 sin2ð2ϕÞ
� 0:000284h0Þ m=s2 (B12)

where we have added the free-air and height correction term.
Finally, Saastamoinen (1972) derives:

gSaastm ¼ 9:8062ð1� 0:00265 cosð2ϕÞ � 0:00031HcÞ
¼ 9:784ð1� 0:00266 cosð2ϕÞ � 0:00028h0Þ (B13)

APPENDIX C.

RELATIVE HUMIDITY AND SATURATION VAPOR PRESSURE

Note that the relative humidity at the observer (RH0, in per-
cent) is related to the saturation vapor pressure (esat, in hPa;
Buck 1981) as follows (see Crane 1976)

esat ¼ ð1:0007þ 3:46 × 10�6P 0Þ6:1121 exp
�

17:502T 0

T 0 þ 240:97

�
(C1)

Pw0 ¼ esatRH0

�
1� ð1�RH0Þ

esat
P 0

��1

(C2)

This relationship between esat, Pw0, and RH0 is useful when
using expressions for N0 which involve linear and quadratic
expansions in P 0 and Pw0. Unfortunately, this complicated
form for esat does not yield itself to closed-form integration.

By assuming that the relative humidity remains constant
throughout the troposphere, and equal to its value at the ob-
server (RHðrÞ ¼ RH0), we can write:

Pw

Pw0

¼ esatðP; T Þ
esatðP 0; T 0Þ

(C3)

Tabulated values of esat versus T indicate that:

esatðP; T Þ
esatðP 0; T 0Þ

¼
�
T

T 0

�
γ

(C4)

which yields:

Pw

Pw0

¼
�
T

T 0

�
γ

(C5)

As noted by Sinclair (1982) and Hohenkerk & Sinclair (1985),
the power index γ is derived by fitting to the tabulated values
of P sat versus T given in List (1952). This fit produces the
following:

P sat ¼
�

T

247:1

�
18:36

(C6)

Comparing this expression with that derived by Buck (1981)
(eq. [C1]) for P between 600 hPa and 1200 hPa and T between
�30 C and þ20 C indicates agreement to within �0:2 hPa.
Therefore, the approximate relation betweenP sat and T (eq. [C6])
represents a good approximation over this relevant range of
P and T .

REFERENCES

Allen, C. W. 1973, Astrophysical Quantities (2nd ed.; London: Ath-
lone Press)

Auer, L. H., & Standish, E. M. 1979, Astronomical Refraction:
Computational Method for All Zenith Angles, Tech. Rep., Yale Uni-
versity Astronomy Department

———. 2000, AJ, 119, 2472
Bean, B. R., & Dutton, E. J. 1966, RadioMeteorology (New York: Dover)
Birch, K. P., & Downs, M. J. 1993, Metrologia, 30, 155
Brussaard, G., & Watson, P. A. 1995, Atmospheric Modelling and Mil-
limeter Wave Propagation (London: Chapman & Hall), 254

Buck, A. L. 1981, J. Appl. Meteor., 20, 1527
Chao, C. C. 1974, The Tropospheric Calibration Model for Mariner

Mars 1971, Tech. Rep. 32-1587, Jet Propulsion Laboratory
Condon, J. J. 2004, Refraction Corrections for the GBT, Tech. Rep.

PTCS Project Note 35.2, National Radio Astronomy Observatory
Crane, R. K. 1976, Methods of Experimental Physics, Part C: Radio

Observations (New York: Academic Press), 188
Davis, J. L., Herring, T. A., Shapiro, I. I., Rogers, A. E. E., & Elgered,

G. 1985, Radio Sci., 20, 1593
Garfinkel, B. 1944, AJ, 50, 169

90 MANGUM

2015 PASP, 127:74–91



———. 1967, AJ, 72, 235
Green, R. M. 1985, Spherical Astronomy (New York: Cambridge Uni-

versity Press)
Hinder, R., & Ryle, M. 1971, MNRAS, 154, 229
Hohenkerk, C. Y., & Sinclair, A. T. 1985, The Computation of Angular

Atmospheric Refraction at Large Zenith Angles, Tech. Rep. 63, HM
Nautical Almanac Office

Jursa, A. S. 1985, Handbook of geophysics and the Space Environ-
ment, 4th ed., Tech. Rep., United States Air Force

Lanyi, G. E. 1984, Telecommunications and Data Acquisition Progress
Report, 78, 152

Liebe, H. J. 1989, Int. J. Infrared Millimeter Waves, 10, 631
Liebe, H., & Hopponen, J. 1977, IEEE Trans. Antennas and Propaga-

tion, 25, 336
Liebe, H. J., Hufford, G. A., & Cotton, M. G. 1993, Propagation

Modeling of Moist Air and Suspended Water/Ice Particles at Fre-
quencies Below 1000 GHz, Tech. Rep., Advisory Group for Aero-
space Research & Development

List, R. J. 1952, QJRAS, 78, 288
Livengood, T. A., Fast, K. E., Kostiuk, T., et al. 1999, PASP, 111, 512
Mangum, J. G. 2001, A Telescope Pointing Algorithm for ALMA,

Tech. Rep. Memo 366, National Radio Astronomy Observatory
Marini, J. W. 1972, Radio Sci., 7, 223
Moritz, H. 1980, Bulletin Geodesique, 54, 395
Murray, C. A. 1983, Vectorial Astrometry (Bristol: Adam Hilger Ltd.)
Niell, A. E. 1996, J. Geophys. Res.: Solid Earth, 101, 3227

———. 2001, Physics and Chemistry of the Earth, Part A: Solid Earth
and Geodesy, 26, 475

Pardo, J. R., Cernicharo, J., & Serabyn, E. 2001, IEEE Trans., 49, 1683
Pizzetti, P. 1894, Atti Reale Accademia dei Lincei, 3, 166
Rüeger, J. M. 2002, Refractive Index Formulae for Electronic Distance

Measurement with Radio and Millimetre Waves, Tech. Rep.,
UNISURV S-68, School of Surveying and Spatial Information
Systems

Saastamoinen, J. 1972, Geophysics Monogram Series, 15, 247
Sinclair, A. T. 1982, The Effect of Atmospheric Refraction on Laser

Ranging Data, Tech. Rep. 59, HM Nautical Almanac Office
Smart, W. M. 1962, Text-Book on Spherical Astronomy, 5th ed.

(New York: Cambridge University Press)
Smith, E. K., & Weintraub, S. 1953, Proc. IRE, 41, 1035
Somigliana, C. 1929, Mem. Soc. Astron. Italiana, 4, 425
Sovers, O. J., Fanselow, J. L., & Jacobs, C. S. 1998, Rev. Mod. Phys.,

70, 1393
Thompson, A. R., Moran, J. M., & Swenson, G. W.Jr. 2001, Interferom-

etry and Synthesis in Radio Astronomy (2nd ed.; New York: Wiley)
Urban, S., & Seidelmann, P. K. 2013, Explanatory Supplement to the

Astronomical Almanac
Wootten, A., & Thompson, A. R. 2009, IEEE Proc., 97, 1463
Yan, H. 1996, AJ, 112, 1312
Yan, H., & Ping, J. 1995, AJ, 110, 934
Young, A. T. 2000, Bull. Am. Astron. Soc., 197, 101
———. 2004, AJ, 127, 3622

REFRACTIVE BENDING AND PROPAGATION DELAY 91

2015 PASP, 127:74–91



Erratum
Received 2015 March 13; accepted 2015 March 20; published 2015 April 2

In the manuscript “Atmospheric Refractive Electromagnetic Wave Bending and Propagation Delay” by Jeffrey G. Mangum &
Patrick Wallace (PASP, 127, 74 [2015]) the comparison between the approximate expressions for the atmospheric refractivity
and the atmospheric refractivity calculated using a complete atmospheric model was partially incorrect due to errors in the software
implementation we had adopted as our atmospheric model. The calculations that compared the Liebe atmospheric model with the
approximate expressions discussed under ALMAworst atmospheric conditions overestimated the refractivity at millimeter and sub-
millimeter wavelengths. The corrected text in bullet number 2 at the end of § 3.1.4, along with the refractivity comparison presented in
Figure 4, are provided below. All other calculations presented in this manuscript are unaffected by the noted software errors. The
authors thank Richard Hills for bringing to our attention differences between ALMA dispersion observations and the predictions from
various models, including those used by the SLALIB slaRefro function. The investigations that ensued brought to light the errors
reported in this paper.

Comparing these three closed-form expressions for radio refractivity at representative values of pressure, temperature, and relative
humidity appropriate for the best (P ¼ 560 hPa, T ¼ �20°C, RH ¼ 0%) and worst (P ¼ 548 hPa, T ¼ þ20°C, RH ¼ 100%) at-
mospheric conditions at the ALMA site (altitude = 5.0587 km) to a more exact model of the atmospheric refractivity (which includes a
dispersive contribution), we find that:

• The Brussaard & Watson (1995), Smith & Weintraub (1953), and Rüeger (2002) expressions agree to better than 0.1% for all
conditions.

• The Brussaard & Watson (1995), Smith & Weintraub (1953), and Rüeger (2002) expressions agree with a more exact (i.e.,
including dispersive refractivity; Liebe [1989]) atmospheric model prediction of N rad

0 to better than (see Fig. 4):

− Under the best ALMA atmospheric conditions:

* 0.08% at 8 GHz

* 0.13% at 230 GHz

* 0.13% at 370 GHz (this is a band edge for ALMA)

* 0.13% at 950 GHz (the highest band edge for ALMA)

− Under the worst ALMA atmospheric conditions:

* 0.11% at 8 GHz

* 0.76% at 230 GHz

* 3.85% at 370 GHz

* 6.42% at 950 GHz
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It is clear from this comparison that the closed-form expressions for N0 are very good for calculations at frequencies far from
telluric lines and for relatively dry conditions. For general high-accuracy calculations at submillimeter wavelengths that require better
than 5% accuracy, one should use an atmospheric model (such as Liebe 1989; Liebe et al 1993; Pardo et al. 2001) that incorporates
both nondispersive and dispersive contributions to the refractivity to derive the total atmospheric refractivity.
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FIG. 4.—Radio refraction coefficient fractional difference between the Rüeger (2002) and Liebe (1989) estimates forN rad
0 under the worst (top panel) and best (bottom

panel) sets of atmospheric conditions measured at the ALMA site. The best-case condition is equivalent to a troposphere devoid of water vapor. The solid horizontal bars
near the top of the diagram show the frequency ranges for the 10 ALMA receiver bands (Wootten & Thompson 2009).
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